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W. He et al. showed that a planar graph of girth at least 11 can be decomposed into a forest
and a matching. A. Bass et al. proved the same statement for planar graphs of girth at least
10. Recently, O.V. Borodin et al. improved the bound on the girth to 9. In this paper, we
further improve the bound on the girth to 8. This bound is the best possible in the sense
that there are planar graphs with girth 7 that cannot be decomposed into a forest and a
matching.
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1. Introduction
He et al. [3] proved that a planar graph of girth at least 11 can be decomposed into a forest and a matching. Bass et al. [1]
proved the same statement for planar graphs of girth at least 10. Recently, Borodin et al. [2] improved the bound on the girth
to 9. In this paper, we further improve the bound on the girth to 8. That is, we have the following result.
Theorem 1. Every planar graph with girth at least 8 can be decomposed into a forest and a matching.
As we learned from two anonymous referees and Zhu, Kleitman showed that there are planar graphs with girth 7 that have
no such decomposition. (We have not seen Kleitman’s example. However, Zhu recently showed us an example constructed
by himself and his coauthors without knowing Kleitman’s example.) Thus, the bound on the girth in Theorem 1 is the best
possible in a sense. Recently, Kim et al. [4] showed that graphs with maximum average degree less than 83 have such a
decomposition,which implies Theorem1.However, the proof givenherewas obtained earlier andproves a different stronger
result (Theorem 2).
By an FM-coloring of a graph we mean a partition of its edges into a forest colored F and a matching colored M . Edges
colored F orM are called F- or M-edges, respectively. An F-path or F-cycle is one consisting of F-edges. Given a graph G and
a cycle C in G, an FM-coloring of G− E(C) is called a C-good coloring of G if it satisfies
(i) noM-edge is incident with a vertex in V (C);
(ii) there is at least oneM-edge on each path joining two vertices of C in G− E(C).
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By definition, there is no F-cycle in an FM-coloring, in particular, for a cycle C of G, no F-cycle in a C-good coloring of G.
This fact is implicitly used in the latter.
Instead of Theorem 1, we shall prove a stronger result:
Theorem 2. For every planar graph G with girth at least 8 and a cycle C of length at most 11 in G, there is a C-good coloring
of G.
As noted in [2], a C-good coloring of G combinedwith any FM-coloring of C yields an FM-coloring of G. Hence, Theorem 1
follows from Theorem 2, since if a graph G has no cycles of length l ∈ {8, 9, 10, 11}, we can add such a cycle C disjoint from
G and apply Theorem 2 to the new graph.
The proof of Theorem 2 is basically inspired by [2]. Roughly speaking, let G be a counterexample of Theorem 2 with the
fewest vertices. As shown in [2], G is 2-connected, and G has no separating cycle of length at most 11 as well as no edges
with two ends of degree 2 not on the outer face. (A separating cycle is one whose internal vertex set and external vertex set
are both not empty.) Based on these basic structural properties, we first show the existence of some special small faces in
G by a discharging procedure. We then prove the non-existence of those special small faces by some graph transformations
that were successfully applied in [2], obtaining a contradiction that establishes Theorem 2.
2. The existence lemma
LetG be a planar graph. EmbeddingG into the plane yields a plane graph, denoted byG = (V , E, F). Let C0 be the boundary
of the outer face of G. An internal vertex is one not on C0. Use d(v) to denote the degree of v in G. Call a vertex v a k-vertex
or a k+-vertex if d(v) = k or d(v) ≥ k, respectively. The girth of a graph G, denoted by g(G), is the length of the shortest
cycles in G. An L-face is a face that shares at least one edge with C0. An L-vertex is a 2-vertex that is on an L-face but not on C0.
An N-face is a face that shares no edge with C0 but has at least one common vertex with C0. An N∗-face is a face that shares
no vertex with C0. Note that the boundary of a face in a 2-connected plane graph is a cycle. If f is a face of G with vertices
v1, . . . , vk in a cyclic order, then (d(v1), . . . , d(vk)) is called the degree sequence of f .
Lemma 1. Let G be a 2-connected plane graph with girth at least 8, then G contains at least one of the following configurations:
(1) an edge with two internal 2-vertices;
(2) an N∗-face of size 10 with degree sequence (x, 2, 3, 2, 3, 2, 3, 2, 3, 2);
(3) an N∗-face of size 9 with degree sequence (3, 3, 2, x, 2, 3, 2, 3, 2), or (3, 3, 2, 3, 2, x, 2, 3, 2), or (x, 3, 2, 3, 2, 3, 2, 3, 2);
(4) an N∗-face of size 8 whose degree sequence is one of the following:
(a) (x, 3, 3, 2, 3, 2, 3, 2),
(b) (x, 3, 2, 3, 2, 3, 2, 3) with x ≥ 3,
(c) (x, 2, 3, 2, 3, 3, 3, 2),
(d) (x, 2, 3, 3, 2, 3, 3, 2),
(e) (x, 2, 3, 2, 3, 3, 2, 3),
(f) (x, 3, 2, 3, 2, 3, 3, 2);
(5) an N∗-face of size 8 with degree sequence (x, 2, y, 2, z, 2, 3, 2).
Proof. Suppose to the contrary that G contains none of the configurations stated above. We shall derive a contradiction by
a discharging procedure.
Let d(w) denote the degree of a vertex w or the size of a face w. Let f∞ denote the outer face of G. Define the initial
charge ch on vertices and faces by ch(v) = 2d(v) − 6 when v is a vertex, ch(f ) = d(f ) − 6 when f is a bounded face, and
ch(f∞) = d(f∞)+ 5.5.
Since G is connected, Euler’s formula yields
2
−
v∈V
(d(v)− 3)+
−
f∈F
(d(f )− 6) = −12.
Hence,
2
−
v∈V
(d(v)− 3)+
−
f∈F\{f∞}
(d(f )− 6)+ d(f∞)+ 5.5 = −0.5
and therefore,−
w∈V∪F
ch(w) < 0. (1)
The vertices and faces of G discharge their initial charge by the following rules.
R1. Every N- or N∗-face gives 1 to each incident vertex of degree 2.
R2. Every L-face gives 1 to each of its L-vertices and gives its remaining charge (positive or negative) to f∞.
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R3. Every vertex v of degree at least 4 distributes its charge equally to the incident faces if v ∉ V (C0); gives 2 to each incident
N-face if v ∈ V (C0).
R4. f∞ gives 2 to each incident vertex of degree 2.
In the rest of the proof we show that the final charge ch′(w) is nonnegative for eachw ∈ V ∪ F . This contradicts (1), since
the total charge does not change.
Checking for vertices
• Let v ∈ V \ V (C0). If d(v) = 2, then by R1 and R2, ch′(v) = 2 × 2 − 6 + 2 = 0. If d(v) = 3, then ch′(v) = ch(v) =
2× 3− 6 = 0. If d(v) ≥ 4, then by R3, ch′(v) = 2d(v)− 6− 2d(v)−6d(v) = 2d(v)− 8+ 6d(v) > 0.
• Let v ∈ V (C0). If d(v) = 2, then by R4, ch′(v) = 2× 2− 6+ 2 = 0. If d(v) = 3, then ch′(v) = ch(v) = 2× 3− 6 = 0.
If d(v) ≥ 4, then by R3, ch′(v) = (2d(v)− 6)− 2(d(v)− 3) = 0.
Checking for faces, except f∞
• Let f be an L-face. By R2, ch′(f ) = 0.
• Let f be anN-face. By hypothesis (1),Ghas no adjacent internal 2-vertices, so f is incidentwith atmost

d(f )
2

2-vertices.
By R1 and R3, ch′(f ) ≥ d(f )− 6−

d(f )
2

+ 2 ≥ 0.
• Let f be an N∗-face. Since G has no adjacent internal 2-vertices, ch′(f ) ≥ d(f ) − 6 −

d(f )
2

by R1. If d(f ) ≥ 11, then
ch′(f ) ≥ 0. Now suppose that d(f ) ≤ 10.
Let d(f ) = 10. If f has at most four 2-vertices, then ch′(f ) ≥ 10− 6− 4× 1 = 0 by R1. If f has five 2-vertices, then, by
hypothesis (1), f has degree sequence (x, 2, 3+, 2, 3+, 2, 3+, 2, 3+, 2). By hypothesis (2), there are at least two 4+-vertices
incident with f . Hence, ch′(f ) ≥ 10− 6− 5+ 2× 12 = 0 by R1 and R3.
Let d(f ) = 9. If f has atmost three 2-vertices, then ch′(f ) ≥ 9−6−3×1 = 0. If f has four 2-vertices, then, by hypothesis
(3), f has at least two 4+-vertices. Hence, ch′(v) ≥ 9− 6− 4× 1+ 2× 12 = 0.
Let d(f ) = 8. If f has atmost two 2-vertices, then ch′(f ) ≥ 8−6−2×1 = 0. If f has three 2-vertices, then, by hypothesis
(4), f has at least two 4+-vertices. Hence, ch′(v) ≥ 8− 6− 3× 1+ 2× 12 = 0. If f has four 2-vertices, then, by hypothesis
(5), f has four 4+-vertices. Hence, ch′(v) ≥ 8− 6− 4× 1+ 4× 12 = 0.
Checking for f∞
For each L-face f , let C(f ) denote the cycle bounding f , and let L(f ) be the set of the common edges of C(f )with C0. The
components of the subgraph of G spanned by the edges of L(f ) are paths. We call these paths common segments of C(f ) and
C0. If these segments are X1, X2, . . . , Xr , then we say that r(f ) = r and denote xi = |E(Xi)| for 1 ≤ i ≤ r . The components
of C(f ) − E(L(f )) are also paths, called segments of C(f ) distinct from C0. Clearly, the number of such segments is also r . If
these segments are Y1, Y2, . . . , Yr , then let yi = |E(Yi)| for 1 ≤ i ≤ r . By definition, each L-face f has r(f ) ≥ 1, and xi ≥ 1
for 1 ≤ i ≤ r(f ).
By hypothesis (1), there are at most 0.5yi 2-vertices on each segment Yi in C(f ). Since
∑r
i=1 yi +
∑r
i=1 xi = d(f ), the
charge that f gives to f∞ is at least
d(f )− 6−
r−
i=1
⌊0.5yi⌋ ≥ d(f )− 6−
r−
i=1
0.5yi = 0.5d(f )− 6+ 0.5
r−
i=1
xi
by R2. Note that there are at least
∑
f r(f )3
+-vertices on C0. So, by R4 and R2,
ch′(f∞) ≥ (|C0| + 5.5)− 2

|C0| −
−
f
r(f )

+
−
f

0.5d(f )− 6+ 0.5
r−
i=1
xi

.
Since
∑
f
∑r(f )
i=1 xi = |C0|, we have ch′(f∞) ≥ 5.5 − 0.5|C0| −
∑
f (6 − 0.5d(f ) − 2r(f )). From r(f ) ≥ 1 and d(f ) ≥ 8, we
obtain 0.5d(f )+2r(f )−6 ≥ 0 for any L-face f . Recalling that |C0| ≤ 11, we get ch′(f∞) ≥ 5.5−0.5|C0| ≥ 0, as desired. 
3. The non-existence lemma
Let G be a counterexample to Theorem 2with the fewest vertices. Embedding G into the plane, we get a plane graph, still
denoted by G. Let C0 be a cycle of length at most 11 in G such that there is no C0-good coloring of G. As shown in [2], G is
2-connected and has no separating cycle of length at most 11. Moreover, we have:
Lemma 2. G contains none of the configurations stated in Lemma 1.
Proof. We may assume that C0 is the boundary of the outer face of G, since G has no separating cycle of length at most
11 and each cycle of length at most 11 has no chords by g(G) ≥ 8. As shown in [2], G contains neither edges connecting
two internal 2-vertices nor N∗-faces of size 9 with degree sequence (3, 3, 2, x, 2, 3, 2, 3, 2) or (3, 3, 2, 3, 2, x, 2, 3, 2) or
(x, 3, 2, 3, 2, 3, 2, 3, 2).
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In a C0-good coloring of G, we call two vertices related if either they are connected by an F-path or each of them are
connected to a vertex in C0 by an F-path. This key notion, as in [2], plays an important role in establishing the remaining
structural properties. To prove that G does not contain some special N∗-face f , as in [2], we first manage to make G smaller.
This will be done by deleting some vertices and identifying a pair of well-chosen vertices on f . By the induction hypothesis,
the smaller graph, sayG′, has a C0-good coloring. Our task is to use this coloring to get a C0-good coloring ofG, a contradiction
showing that the prescribed N∗-face f does not exist. In the process from a C0-good coloring of G′ to a C0-good coloring of G,
we should neither join two related vertices by an F-path nor create adjacentM-edges. In what follows, by three claims we
complete the proof of Lemma 2. 
Claim 1. G has no N∗-face of size 10 with degree sequence (x, 2, 3, 2, 3, 2, 3, 2, 3, 2).
Suppose that G contains an N∗-face f with the boundary cycle C = v1v2, . . . , v10v1, whose degree sequence is
(x, 2, 3, 2, 3, 2, 3, 2, 3, 2). Since G has no adjacent internal 2-vertices, x = d(v1) ≥ 3. For i ∈ {1, . . . , 10}, let v′i be one
of the neighbors of vi in G − E(C) whenever d(vi) ≥ 3. Let G′ be the graph obtained from G by identifying v1 with v5 and
deleting V (C) \ {v1, v5}.
We first show that G′ has no cycle of length at most 7. Suppose to the contrary that G′ has a cycle C ′ of length at most 7.
Clearly, v1 ∈ V (C ′). Let C ′ = v1x1 · · · xkv5. Note that v5 = v1 in G′. Clearly, P = v1x1 · · · xkv5 is a path of length at most 7 in
G. If the length of P is at most 3, then P together with P ′ = v1v2v3v4v5 constitutes a cycle of length at most 7, contradicting
the fact that the girth of G is at least 8. If the length of P is at least 4, then P together with the path P ′ constitutes a cycle C ′′
of length between 8 and 11. Observe that C ′′ is separating: for instance, it separates v′3 from v6 (v
′
3 cannot lie on P since C
′′
has no chords). This contradicts the fact that G has no separating cycle of length at most 11.
Since f is an N∗-face, V (C0) ⊆ V (G′). By the induction hypothesis, G′ has a C0-good coloring ϕ. We shall extend ϕ to a
C0-good coloring of G. There are two cases to be considered.
Case 1. All edges incident with v1 in G′ are colored F .
We color v1v2, v3v4, v5v6, v7v8 and v9v10 with M and the rest of the uncolored edges in G − E(C0) with F . It is easy to
see that we neither join to related vertices by an F-path nor create two adjacentM-edges. Hence, we extend ϕ to a C0-good
coloring of G, a contradiction.
Case 2. There is one edge incident with v1 that is coloredM in G′.
If ϕ(v5v′5) = M in G′, then we color v2v3, v6v7, v8v9 and v10v1 withM and the rest with F . Assume that ϕ(v5v′5) = F in
G′. Since G′ has no F-cycle, at least one of the pairs (v1, v′3) and (v
′
3, v
′
5) is not related. If v1 and v
′
3 are not related, then we
color v3v4, v5v6, v7v8 and v9v10 withM and the rest with F . If v′3 and v
′
5 are not related, then we only need to exchange the
colors of v2v3 and v3v4 in the previous extension of ϕ.
Claim 2. G has no N∗-face of size 8 with degree sequence
(1) (x, 3, 3, 2, 3, 2, 3, 2); or
(2) (x, 3, 2, 3, 2, 3, 2, 3), with x ≥ 3; or
(3) (x, 2, 3, 2, 3, 3, 3, 2); or
(4) (x, 2, 3, 3, 2, 3, 3, 2); or
(5) (x, 2, 3, 2, 3, 3, 2, 3); or
(6) (x, 3, 2, 3, 2, 3, 3, 2).
First note that x ≥ 3 in each case by the absence of adjacent internal 2-vertices in G or the hypothesis. Suppose that G
contains anN∗-face f with the boundary cycle C = v1v2 · · · v8v1, whose degree sequence is one of (1)–(6). For i ∈ {1, . . . , 8},
let v′i be one of the neighbors of vi in G − E(C) whenever d(vi) ≥ 3. In each of the six cases, as before, we first introduce
suitable operations to change G into a smaller graph G′. By the induction hypothesis, there is a C0-good coloring ϕ of G′. To
complete our proof, we should show (i) g(G′) ≥ 8, and (ii) we can get a C0-good coloring of G from ϕ. Since, in each case,
(i) can be similarly proved, we only prove (i) in detail for case (1). As for (ii), we give the analyses in detail for cases (1)–(4),
since the analyses for cases (5) and (6) are mostly similar to case (4).
(1) Let f be an N∗-face with degree sequence (x, 3, 3, 2, 3, 2, 3, 2).
In this case, we identify v1 with v5 and delete {v4, v6, v7, v8}, getting a smaller graph G′.
We first show that G′ has no cycle of length at most 7. Suppose to the contrary that G′ has a cycle C ′ of length at most 7.
Clearly, v1 ∈ C ′. Let C ′ = v1x1 · · · xkv5. Note that v1 = v5 in G′. Clearly, P = v1x1 · · · xkv5 is a path of length at most 7 in G. If
the length of P is at most 3, then P together with P ′ = v1v2v3v4v5 constitutes a cycle of length at most 7, contradicting the
fact that the girth of G is at least 8. Suppose that P is a path of length at least 4. If both v2 and v3 are not on P , then P together
with the path P ′ constitutes a cycle C ′′ of length at most 11. Observe that C ′′ is separating: for instance, it separates v′3 from
v6 (v′3 cannot lie on P since C ′′ has no chords). This contradicts the fact that G has no separating cycle of length at most 11. If
both v2 and v3 are on P , then (P \ {v1, v2} ∪ v3v4v5) is a cycle of length at most 7 in G, a contradiction. Assume that exactly
one of v2 and v3 is on P . Since d(v3) = 3, it is impossible that v3 ∈ V (P) and v2 ∉ V (P). If v2 ∈ V (P) and v3 ∉ V (P), then G
has either a cycle of length at most 7 or a separating 8- or 9-cycle, a contradiction.
Since f is an N∗-face, V (C0) ⊆ V (G′). By the induction hypothesis, G′ has a C0-good coloring ϕ. We shall extend ϕ to a
C0-good coloring of G. There are two cases to be considered.
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Case 1. All edges incident with v1 in G′ are colored F .
In this case, we color v4v5, v6v7 and v8v1 withM and the rest with F .
Case 2. There is one edge incident with v1 that is coloredM in G′.
We first assume that ϕ(v5v′5) = M in G′. We only need to color v6v7 and v8v1 withM and the rest with F . We next assume
that ϕ(v5v′5) = F in G′. If v1 and v′7 are not related, then we color v4v5 and v6v7 withM and the rest with F . If v1 and v′7 are
related, then v′7 and v
′
5 are not related. We color v4v5 and v7v8 withM and the rest with F .
(2) Let f be an N∗-face with degree sequence (x, 3, 2, 3, 2, 3, 2, 3).
In this case, we identify v2 with v6 and delete {v3, v4, v5, v7}, getting a smaller graphG′with g(G′) ≥ 8. Letϕ be a C0-good
coloring of G′.
If all edges incident with v2 in G′ are colored F , then we color v2v3, v4v5 and v6v7 with M and the rest with F . Suppose
that there is one edge incident with v2 that is coloredM in G′. The first subcase is that ϕ(v1v2) = M . Observe that either v′2
and v′4 are not related or v
′
4 and v
′
6 are not related. If v
′
2 and v
′
4 are not related, then we color v4v5 and v6v7 withM and the
rest with F . If v′4 and v
′
6 are not related, then we color v3v4 and v6v7 withM and the rest with F . The second subcase is that
ϕ(v2v
′
2) = M . Observe that either v1 and v′4 are not related or v′4 and v′6 are not related. If v1 and v′4 are not related, then we
color v4v5 and v6v7 withM and the rest with F . If v′4 and v
′
6 are not related, then we color v3v4 and v6v7 withM and the rest
with F . The last subcase is that ϕ(v6v′6) = M . We only need to color v2v3 and v4v5 withM and the rest with F .
(3) Let f be an N∗-face with degree sequence (x, 2, 3, 2, 3, 3, 3, 2).
In this case, we identify v1 with v5 and delete {v2, v3, v4, v8}, getting a smaller graphG′with g(G′) ≥ 8. Letϕ be a C0-good
coloring of G′.
If all edges incident with v1 in G′ are colored F , then we only need to color v2v3, v4v5 and v1v8 withM and the rest with
F . Suppose that there is one edge incident with v1 that is coloredM in G′. We first suppose that ϕ(v5v6) = M . Observe that
either v1 and v′3 are not related or v
′
3 and v
′
5 are not related. If v1 and v
′
3 are not related, then we color v3v4 and v8v1 withM
and the rest with F . If v′3 and v
′
5 are not related, then we color v2v3 and v8v1 withM and the rest with F .
Now suppose that ϕ(v5v′5) = M . Observe that either v1 and v′3 are not related or v′3 and v6 are not related. If v1 and v′3
are not related, then we color v3v4 and v8v1 withM and the rest with F . If v′3 and v6 are not related, then we color v2v3 and
v8v1 withM and the rest with F .
Lastly, suppose that ϕ(v1v′1) = M . Note that ϕ(v5v′5) = ϕ(v5v6) = F . Hence v1 and v6 are not related. If v6v7 is colored
with F , then v1 and v7 are not related. We color v2v3 and v4v5 withM and the rest with F . Assume that v6v7 is colored with
M . Note that both v6v′6 and v7v
′
7 are colored F . If v1 and v
′
7 are not related, then we color v2v3 and v4v5 withM and the rest
with F . Assume that v1 and v′7 are related. Observe that v
′
7 and v
′
6 as well as v
′
7 and v
′
5 are not related. We first recolor v6v7
with F , then color v7v8, v2v3 and v4v5 withM and the rest with F .
(4) Let f be an N∗-face with degree sequence (x, 2, 3, 3, 2, 3, 3, 2).
In this case, we identify v3 with v7 and delete v5 and v8, getting a smaller graph G′ with g(G′) ≥ 8. Let ϕ be a C0-good
coloring of G′.
If all edges incident with v7 are colored F in G′, noting that v4 and v6 are not related in G′, then we only need to color v7v8
withM and the rest with F . Suppose that there is one edge incident with v7 that is coloredM in G′. There are five subcases
taken into account:
(a) ϕ(v2v3) = M;
(b) ϕ(v3v′3) = M;
(c) ϕ(v7v′7) = M;
(d) ϕ(v3v4) = M;
(e) ϕ(v6v7) = M .
If (a) or (b) happens, then we only need to color v7v8 withM and the rest with F .
Assume that (c) happens. Note that v4 and v6 are not related. If ϕ(v1v2) = F , then v1 and v6 are not related.We first color
all uncolored edges with F in G− E(C0), then recolor v2v3 withM . If ϕ(v1v2) = M , then we first exchange the colors of v1v2
and v2v3, and then color v1v8 withM and the rest with F .
Assume that (d) happens. If ϕ(v6v′6) = F , then we color v5v6 and v7v8 with M and the rest with F . Suppose that
ϕ(v6v
′
6) = M . If v′4 and v′7 are not related, then we color v7v8 with M and the rest with F . Assume that v′4 and v′7 are
related. Clearly, v′3 and v
′
4 are not related. If ϕ(v1v2) = M , then we first recolor v3v4 with F , and then color v4v5 and v7v8
withM and the rest with F . If ϕ(v1v2) = F , then we first exchange the colors of v2v3 and v3v4, and then color v4v5 and v7v8
withM and the rest with F .
Assume that (e) happens. If v′6 and v
′
7 are not related, then we first recolor v6v7 with F , and then we color v5v6 and v7v8
withM and the rest with F . Suppose that v′6 and v
′
7 are related. Note that v4 and v6 are not related. If ϕ(v1v2) = F , then v1
and v7 are not related. We first recolor v2v3 withM , and then color the rest with F . If ϕ(v1v2) = M , then we first exchange
the colors of v1v2 and v2v3, and then color v1v8 withM and the rest with F .
(5) Let f be an N∗-face with degree sequence (x, 2, 3, 2, 3, 3, 2, 3).
In this case, we identify v1 with v5 and delete {v2, v3, v4, v7}, getting a smaller graph G′ with g(G′) ≥ 8.
(6) Let f be an N∗-face with degree sequence (x, 3, 2, 3, 2, 3, 3, 2).
In this case, we identify v2 with v6 and delete {v3, v4, v8}, getting a smaller graph G′ with g(G′) ≥ 8.
An argument as in case (4) can yield the desired conclusion for cases (5) and (6). So the details are omitted.
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Claim 3. G has no N∗-face of size 8 with degree sequence (x, 2, y, 2, z, 2, 3, 2).
First note that each of x, y and z is at least 3 by the absence of adjacent internal 2-vertices in G. Suppose that G contains
an N∗-face f with the boundary cycle C = v1v2 · · · v8v1, whose degree sequence is (x, 2, y, 2, z, 2, 3, 2). For i ∈ {1, . . . , 8},
let v′i be one of the neighbors of vi in G − E(C) whenever d(vi) ≥ 3. Let G′ be the graph obtained from G by identifying v1
with v5 and deleting {v4, v6, v7, v8}.
It is easy to check that g(G′) ≥ 8.
Since f is an N∗-face, V (C0) ⊆ V (G′). By the induction hypothesis, G′ has a C0-good coloring ϕ. We shall extend or modify
ϕ to a C0-good coloring of G.
If all edges incident with v1 in G′ are colored F , then we color v4v5, v6v7 and v8v1 with M and the rest with F . Suppose
that there is one edge incident with v1 that is colored M in G′. The first subcase is that ϕ(v5v′5) = F . If v1 and v′7 are not
related, then we color v4v5 and v6v7 withM and the rest with F . If v1 and v′7 are related, then v
′
7 and v
′
5 are not related. We
color v4v5 and v7v8 with M and the rest with F . The second subcase is that ϕ(v5v′5) = M . If v5 and v3 are not related in G′,
then we color v6v7 and v8v1 with M and the rest with F . Otherwise, v1 and v3 are not related and ϕ(v2v3) = M in G′, we
first recolor v2v3 with F , and then color v3v4, v6v7 and v8v1 with M , and the rest with F , getting a C0-good coloring of G, a
contradiction completing the proof. 
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